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Abstract

Logarithmic Sobolev inequalities are a well-studied technique for estimating rates of conver-
gence of Markov chains to their stationary distributions. In contrast to continuous state spaces,
discrete settings admit several distinct log Sobolev inequalities, one of which is the subject of
this paper. Here we derive modified log Sobolev inequalities for some models of random walk,
including the random transposition shuffle and the top-random transposition shuffle on S,, and
the walk generated by 3-cycles on A4,. As an application, we derive concentration inequalities
for these models.

(© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Introduced in 1975 [18], logarithmic Sobolev inequalities can be used to estimate
rates of convergence of Markov chains to their stationary distributions. While in R”
there are several equivalent formulations of the log Sobolev inequality, in discrete
settings these formulations lead to distinct inequalities (see e.g. [7]). One such modi-
fication, considered in [17,24, 30], is the topic of this paper.

In Section 2, we introduce the notation and review preliminary results relating log-
arithmic Sobolev inequalities to rates of convergence. As a first example, we discuss
previous estimates for modified log Sobolev inequalities on the 2-point space (see

e.g. [7]).

* This research was supported in part by NSF Grant DMS-0306194.
* Tel.: +1-6072554195; fax: +1-6072559860.
E-mail address: scg23@cornell.edu (S. Goel).

0304-4149/$ - see front matter (© 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.spa.2004.06.001


mailto:scg23@cornell.edu

52 S. Goell Stochastic Processes and their Applications 114 (2004) 51-79

Section 3 presents the main results of this paper: modified logarithmic Sobolev in-
equalities for some models of random walk, including the random transposition shuffle
and the top-random transposition shuffle on the symmetric group S,, and the shuffle
generated by 3-cycles on the alternating group 4,,. As an application of these results we
derive sharp bounds on rates of convergence. Previously, convergence results for these
models had been obtained by Fourier analysis [10,13,26]. In this section we also show
that a generic r-regular graph has modified log Sobolev constant much smaller than its
spectral gap. After completing this work, it came to our attention that Gao and Quas-
tel [17] had derived the modified log Sobolev inequality for the random transposition
model.

Like log Sobolev inequalities, modified log Sobolev inequalities can be obtained via
comparison chains. Section 4 outlines this method, and analyzes a perturbation of the
top-random transposition shuffle that cannot be realized as a walk on a group, making
it difficult to study by other methods.

It is well known that the Herbst argument shows that log Sobolev inequalities imply
concentration inequalities (see e.g. [7,22]). As an application of our results, in Section
5 we present concentration inequalities for the models of random walk considered
earlier.

The recent work on modified log Sobolev inequalities [7, 17] illustrates the fact that
for non-diffusion Dirichlet forms, modified log Sobolev inequalities can give better
results than the classical log Sobolev inequality. It is worth pointing out that the reason
behind this does not seem well understood. There are, however, some drawbacks to
the modified versions: First, they seem inadequate to control convergence in /%; and
second, the comparison techniques seem to be much more restricted.

2. Background

This section introduces the notation used throughout the paper, and reviews results
relating Sobolev inequalities to convergence rates. After introducing the notation for
Markov chains, we define mixing time, which intuitively is the time necessary for
a chain to approach equilibrium. We then define Dirichlet forms and indicate how
they are in turn used to define the spectral gap and the log Sobolev inequalities, two
well-studied techniques for bounding mixing time. For more detailed coverage of this
material, see [12, 28, 29].

Next we present the modified log Sobolev inequality, a discrete state-space variant
of the log Sobolev inequality, which was previously considered in [17, 24, 30]. We
recall that the modified log Sobolev constant controls entropy, which in turn controls
mixing time. We also present two properties that the log Sobolev and the modified log
Sobolev inequalities share, namely that they both behave well under products and that
they satisfy similar difference equations.

Finally, we discuss modified log Sobolev inequalities on the 2-point space and related
spaces, further considered in [7]. The asymmetric 2-point space is one of the simplest
examples in which we can distinguish between the log Sobolev and modified log
Sobolev inequalities.
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2.1. Preliminaries

A Markov chain on a finite state space 2" can be identified with a kernel K satisfying

Kxy)=0, > K@xy)=1.
YEX

The associated Markov operator is defined by

Kfx)=>_ f(»Kx ).

yex

The iterated kernel K” is defined by

K'(x,y)=> K" '(x2)K( )
zed

and can be interpreted as the probability of moving from x to y in exactly n steps.
We say that a probability measure m on 2 is invariant with respect to K if

> K (x,y) = n(y).

xex

That is, starting with distribution # and moving according to the kernel K leaves the
distribution of the chain unchanged. Throughout, we will assume that K is irreducible:
For each x, y € & there is an n such that K"(x, y) > 0. Under this assumption K has a
unique invariant measure 7 and n(x) > 0 for x € Z. It will be useful to further restrict
ourselves to the case where (K, 7) is reversible, that is K =K* is a self-adjoint operator
on the Hilbert space L?(r). This is equivalent to requiring that the detailed balance
condition holds

K(x,y)  K(y,x)

m(y) n(x)
The kernel K describes a discrete-time chain, which at each time step moves with
distribution according to K. Alternatively, we can consider the continuous-time chain
H,;, which waits an exponential time before moving. More precisely H; = EKy,, where
N, has independent Poisson distribution with parameter ¢. The law of H, is then given
by

oo

_ "
Ht(xay):e ZZ;Kn(xay)'
n=0 "

In terms of Markov operators, this continuous-time process is associated with Markov
semigroup

H=¢t L=K-1I

where [ is the identity operator.
In order to quantify a chain’s distance from equilibrium we need to introduce a
metric. Arguably the most natural and oft used choice is the total variation distance.
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Definition 2.1. Let u and 7 be two probability measures on the set 2. The total vari-
ation distance is

. — A) — 1(A4)|.
lu—nllzv gg;slu() n(4)]

Next we define the mixing time, a measure of how long it takes the chain to be
close (in total variation) to equilibrium.

Definition 2.2. Define the mixing time 7 for H, by

1
r:inf{t >0 :sup |Hi(x, ) — n(-)|ltv < e}'

The constant e~' is chosen for convenience but is essentially arbitrary since for

d(t) = sup, |H,(x,-) — n(-)||rv we have d(s + t) < 2d(s)d(t). Also note that d(¢) is a
decreasing function of ¢. See [1] for details.

The models of random walk we examine in this paper are known to exhibit the
cutoff phenomenon: The total variation distance of the chain from equilibrium stays
close to 1 for a long time, and then rapidly drops toward 0. Consequently, we can
compare the mixing time bounds we derive to known cutoff times, and will show that
in many cases these agree well.

Definition 2.3. Let # = (%,,K,, m,) be an infinite family of finite chains. Let H,, =
¢'®=D) be the corresponding continuous time chain. Then % presents a cutoff in total
variation with critical time {#,}7° if #, — oo, and for ¢ > 0

Jim ma [y, — mllry =1
and

nli{go ng:x HHr)zc,(l+s)tn — Tlltv = 0.

2.2. Dirichlet forms and Sobolev inequalities

Our primary tool to investigate mixing times will be the Dirichlet form, defined for
a finite Markov chain (K, 7) as

E(f.9)=Ex[f(x) - (I = K)g(x)].

In the case of reversible (K, ), we have the important equivalent definition

(f.9)= %En D) = NG = g )K(x, )

yeX

When g = f, this equivalent definition allows us to write the Dirichlet form as a sum
of non-negative terms.
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Inequalities involving Dirichlet forms have provided useful quantitative results in
finite Markov chain theory, including spectral gap and logarithmic Sobolev bounds.

Definition 2.4. For (K, 7) a Markov chain with Dirichlet form &, the spectral gap A is
defined by
(S, 1) .

/. = min {\]arn(f‘),varn(f‘) # 0} )

where Var,(f) denotes the variation of f : E(f — Ef)*.

While in the reversible case Z is the smallest non-zero eigenvalue of / —K, in general
A is the smallest non-zero eigenvalue of / — %(K + K*). The following lemma shows
that the spectral gap controls the mixing time; details can be found in [28].

Lemma 2.1. Let H(y)=H,(x,y) where H,(x, y) is the kernel of the continuous time
chain H, associated with (K,n). If A is the spectral gap for (K,n) then

1 1 B
|5 — 7|3y < 3700 e

In particular, if m, = min, n(x) then the mixing time satisfies

Introduced in [18] to study Markov semigroups in infinite dimensional settings, log
Sobolev inequalities also play a role in the theory of finite Markov chains. A compre-
hensive overview of log Sobolev inequalities can be found in [19], while [12] develops
the theory for finite chains. Below we recall some results that motivate the definition
of modified logarithmic Sobolev constant that is the subject of this paper.

Definition 2.5. The entropy of a non-negative function f on 2" with respect to 7 is

Ent,(f)=E {f log EJ;}

For an arbitrary function f, we will use the notation
Za(f) = Ent(f2).

Observe that by Jensen’s inequality applied to the function ¢(¢)=tlogt, L(f) =0
and ¥ =0 if and only if f is constant. #(f) can be seen as variation of Var(f'),
and accordingly the logarithmic Sobolev constant is defined analogously to the spectral
gap, where the Var(f') is replaced by Z(f).

Definition 2.6. For a Markov chain (K,n) with Dirichlet form &, the logarithmic
Sobolev constant f§ is defined by

_ . JEULS).
ﬁmln{gn(f),gn(f);éO}.
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From the definition, it follows that /3 is the largest constant ¢ such that the logarithmic
Sobolev inequality

cL(f)<E 1)

holds for all functions f. It is well known that 2 < 4 (see e.g. [12]).

The following results show that the log Sobolev constant bounds entropy, which
in turn bounds total variation distance. We include the proof of Lemma 2.2 since it
motivates our use of the modified logarithmic Sobolev constant; proofs for Lemma 2.3
and Corollary 2.1 can be found in [12, 28].

Lemma 2.2. Let 5 be the log Sobolev constant for the reversible chain (K, n). Then
for f=0

Ent(H, f) < e *¥Ent( ).
Proof. W.Lo.g. we may assume n(f) = 1. Then n(H,f)=1 and since H = H,,

d d
GEUHS) = 5> H f(0)log H f ()(x)
= Y [LH,f(x) - log H, [ (x) + LH, f (x)]n(x)

= Z [LH, f(x) - log H, f (x)]m(x)

—6(H, f,logH, f")
—4&((H, )"*,(H, [)'?)
—4B Ent(H, f). (2.1)

N

N

Inequality (2.1) follows from the fact that for reversible chains

V=0, &logf.[)=48(/F. ) (2.2)
(see e.g. [12]). Using Gronwall’s lemma, the statement is proved. [J
Lemma 2.3. Let n and p = hn be two probability measures on a finite set . Then
1 1
it =l = 31 = 1say < 5 Entalh),
Corollary 2.1. Let H(y) = H/(x,y) where Hi(x,y) is the kernel of the continuous
time semigroup H, associated with the reversible chain (K,n). If f is the log Sobolev

constant for (K, ) then

I
IHY =7ty < 5 log —— -,
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In particular, if ©, = min, n(x) then the mixing time satisfies

1 1
< — |loglog— +2].
T 4p <og og . + >
2.3. A modified logarithmic Sobolev inequality

Examining the proof of Lemma 2.2, we see that we use two key inequalities: The
first, (2.1), follows from (2.2), while the second results from the log Sobolev inequality

L) < )

This observation motivates the definition of a modified log Sobolev inequality (see e.g.
[7,24,30]).

Definition 2.7. For a reversible Markov chain (K, ) with Dirichlet form &, the modi-
fied logarithmic Sobolev constant o is defined by

- { s/ og 1),

20 ,o%(f)#o}-

Modified log Sobolev inequalities have recently been studied in several settings: In
[30], modified log Sobolev inequalities were found for Poisson measures on N; and
[24] derives them for birth and death process on Z. For a discussion of several different
discrete modifications of the log Sobolev inequality, see e.g. [2, 3, 5-7].

We have the following well known result relating the log Sobolev constant, the
modified log Sobolev constant and the spectral gap.

Lemma 2.4. For a reversible chain (K, ) the log Sobolev constant [, the modified
log Sobolev constant o and the spectral gap A satisfy

4 < o < 20.

The first inequality follows from (2.2); for a proof of the second see [24]. From the
definition we see that o is the largest constant ¢ such that the modified log Sobolev
inequality

cZ(f) < 6(f%log )

holds for all functions f. Consequently, as in the case of the log Sobolev inequality,
o controls entropy, and in turn mixing time.

Corollary 2.2. Let H(y) = H/(x,y) where H/(x,y) is the kernel of the continuous
time semigroup H, associated with the reversible chain (K,n). If o is the modified
log Sobolev constant for (K,m) then
—ot

) o
|5 — 7|3y < 5108@ -
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In particular, if ©, = min, n(x) then the mixing time satisfies
1 1
T < (loglog — + 2) .
o T

The modified log Sobolev constant is a phenomenon of the discrete state space. Let
du(x)=w(x)dx be a probability measure on R” with a smooth strictly positive density
w. Then the continuous analog of the previously defined discrete Dirichlet form is,

S = [ VA Vo)t

where V is the usual gradient. In this setting, since we have a chain rule,

E(f2log f2) = 46(f, /).

On discrete state spaces, (2.2) shows that we have only inequality, suggesting that in
this setting « and f may differ. However, given that they are indistinguishable on R”,
it is surprising that we do in fact find examples where o> f3.

2.3.1. Elementary properties

The modified log Sobolev and log Sobolev inequalities share several properties, two
of which we state here. The first shows that the modified log Sobolev inequality behaves
well under products, and the second shows that solutions to the modified log Sobolev
inequality satisfy a certain difference equation. Proofs of Lemma 2.5 and Theorem 2.1
are omitted since they are analogous to the proofs for the corresponding statements for
the log Sobolev inequality given in [12, 28].

Lemma 2.5 (Product chains). Let (K;,7;), i=1,...,d, be reversible Markov chains on
finite sets ; with modified log Sobolev constants o;. Fix u= ()¢ such that w; >0
and Y ;= 1. Then the product chain (K,n) on X = H;j A; with kernel

d

K(6p) =Y wid(x1, 1) 81, i )DKi(x, y0)3(xi1, ig1) - 60ka va)

i=1
(where 6(x,x)=1 and d(x, y)=0 for x # y) and stationary measure ©= Qm; satisfies
o= min ;.
Theorem 2.1. Let (K, ) be a reversible Markov chain with modified log Sobolev con-

stant o, and spectral gap A. Then either o.=2/ or there exists a positive, non-constant
function u which is a solution of

1 1
w?logu?® — ulog |Jul3 — &uz(l — K)logu? — &(l —Ku?=0 (2.3)
and satisfies
L (u) = &, log ).

In particular, if K is irreducible, then o > 0.
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2.3.2. First examples: The 2-point space and related spaces
The symmetric walk on the 2-point space Z = {x1,x,} is perhaps the simplest of all
Markov chains. The kernel K is given by

K(x1,x2) =K(x2,x1) =1,
K(x1,x1)=K(x2,x)=0

and the stationary measure 7 is uniform. In [18], it is shown that the log Sobolev
inequality satisfies § = 1. A trivial computation shows that the spectral gap 4 = 2.
Consequently, by Lemma 2.4, the modified log Sobolev constant satisfies « = 4. By
Lemma 2.5 and the fact that both the spectral gap and the log Sobolev constant are also
well-behaved under products (see e.g. [28]), the walk on the n-dimensional hypercube
has 4 = o =21 =4/n.

A generalization of the walk on the 2-point space is the complete walk on r-points,
addressed in the following lemma:

Lemma 2.6 (The complete walk). Consider the Markov chain on the n point space

X ={x\,...,x,} with uniform kernel U(x;,x;)=1/(n—1) for x; # x; and U (x;,x;)=0.
For n = 2, the modified log Sobolev constant w, satisfies

n <u < (14 4 n
n—1_""7 logn+1)) n—1

Proof. Since the chain has the uniform stationary distribution n(x;) = 1/n, we have

1 n
E(flog [7) = T D L) — f20e)]llog £2(x) — log f2(x))]
i,j=1
= S (ELlog /°) — Ef* - Elog /)

"2 2

By Jensen’s Inequality £ log(Ef—;.z) < 0 and the lower bound is established. For the
upper bound, take f with f2(x;)=n+1 and f2(x;)=1for2<x;<n. 0O

Diaconis and Saloff-Coste [12] prove that for the complete walk the log Sobolev
constant satisfies

1 =2/n
b= log(n — 1)

showing that for this example, o> f.
An alternative generalization of the symmetric walk on the 2-point space is the
asymmetric walk of Corollary 2.3.
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Corollary 2.3 (Weighted 2-point space). Consider the Markov chain on the two point
space Xy = {x1,x2} with kernel K(x;,x1)=p and K(x;,x;)=1— p with i =1,2 and
0<p< % Then the modified log Sobolev constant satisfies 1 < o < 2.

Proof. (K, 7) is a reversible chain with stationary distribution n(x;)=p, n(x2)=1-—p.
First we establish the lower bound, observing that it is sufficient to restrict our attention
to functions with Ef = 1. Consider rational p and write p= p/q for integer p,q. Since

we can identify functions f on 25 with functions f on %, = {xi,...,x,} that are
constant on the subsets {x,...,x,} and {x,.,...,x,}, Lemma 2.6 shows that

pf2(xn)log f2(x1) + (1 = p) f2(x2)log f(x2)

< p(1 = p)Lf2(n) = 2 (x2)]llog f2(x1) — log /2(x2)].

The result for irrational p follows by holding f fixed and taking the limit as p, — p
for rational {p,}. The upper bound follows from the fact that the spectral gap 1 =1,
and Lemma 2.4. [

For the asymmetric walk, the log Sobolev constant was calculated in [12] (and also
independently in [20]) and shown to satisfy

= 1—-2p
~log[(1 — p)/p]’

again exemplifying the difference between o and . For a further discussion of the
asymmetric walk, see [7].

3. Examples of modified logarithmic Sobolev inequalities

In this section we derive modified log Sobolev inequalities for some models of ran-
dom walk, including the random transposition shuffle and the top-random transposition
shuffle on the symmetric group S,, and the walk generated by 3-cycles on the alternat-
ing group A,. These results are used to deduce sharp bounds on mixing times. We also
show that a generic r-regular graph has modified log Sobolev constant much smaller
than its spectral gap.

3.1. Random transposition and related walks

The random transposition walk on the symmetric group S, is a shuffle on a deck of
n cards where we uniformly at random select and swap pairs of cards. The log Sobolev
constant for this walk was determined in [23] to satisfy f§ < nl;gn, and with respect to
Corollary 2.1 is inadequate to sharply bound the mixing time [13]. Using the method of
[23], Theorem 3.1 bounds the modified log Sobolev constant for walks including and
related to random transposition. In contrast to the log Sobolev constant, our estimate
of the modified log Sobolev constant for random transposition is sufficiently strong to
yield the correct mixing time. After this work was completed, it came to our attention

that Gao and Quastel [17] had proven Theorem 3.1 for the case of random transposition.
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Let G, C S, be subgroups of the symmetric group, generated by the symmetric sets
%, C G,. Then we have associated random walks given by the kernel,

L t'=1.0 for some g €%,
Kn(f, /)7

0 otherwise.

The stationary distribution 7 is uniform on G, and the Dirichlet form for (K, n) is
given explicitly by

6 frg) = ﬁls [Z ()= £z Dg(0) — gz ]| -

v €,

For 1€ S,, we let 7; denote the particle in position i, and so 7-¢ denotes the configu-
ration after we permute the positions according to ¢. If this Markov chain has enough
symmetry, Theorem 3.1 gives a bound on the modified log Sobolev constant o.

Definition 3.1 (Self-similarity). A sequence of groups G, C S, with symmetric gener-
ating sets 4, is called self-similar if:

(1) For 1 <s < n, there exist isomorphisms ¢"~! : G,_; — {0 €G,|o, = s}, with
gi " (Gu1) = {o € Guls & supp(a)}.

(2) G, acts transitively on the set {I,...,n}.

(3) There exists k, such that for all n and ¢ €%, |supp(c)| = k, where supp(c) =

{ilo: # i}.

Definition 3.1 encompasses a collection of random walks including random transpo-
sition on S, and the walk generated by 3-cycles on the alternating group 4,. In general
consider a sequence of random walks generated by conjugacy classes of S,,. Recall, that
for n # 4, a non-trivial conjugacy class %, generates cither the alternating group 4, or
S,. For a permutation 7 € S, let ¢(t)=(cy,...,c,) denote the cycle structure of 7. That
is, ¢; is the number of cycles of length i in the disjoint cycle decomposition of t. Then,
two permutations are conjugate if and only if their cycle structure is the same. Now,
for a conjugacy class 4,, of S,, (respectively 4,,) with corresponding cycle structure
" =(c’,...,c)), define a sequence of conjugacy classes %, for n > ny corresponding
to the cycle structures ¢ =(cf,c5’,...,c;0,0,...,0) where ¢} =n — >, ici. Then this
sequence of walks is self-similar.

For 1 <s<n,let g;:S, = {x1,...,x,} be the random variable that takes 7 — ;.
The idea behind the proof of Theorem 3.1 is to first condition on each g,. Then we
break up Z(f) into two parts: The first we bound by the Dirichlet form on S,_; where
we have fixed the sth position to hold particle g;. The second we bound by looking at
the complete walk described in Lemma 2.6 with stationary measure corresponding to
the distribution of g (i.e. the uniform distribution on {1,...,n}). By averaging over s,
we can pass from the Dirichlet forms on S,_; to S,. This then gives us a recurrence
relation between the modified log Sobolev constants, yielding the result.
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Theorem 3.1. Let 6, C G, be self-similar for n = ng, and consider the sequence of
walks generated as above. Then, if a, denotes the reciprocal of the modified log
Sobolev constant for these chains,

a, < [ + (}’l - no)'
Proof. To begin we fix a function f : S, — %, with f > 0. By homogeneity, it is
sufficient to establish the modified log Sobolev inequality for f with m( f2)=1. Define
[ = EL/*(O)los =12,

e S8
Sl = 222

where J, is the dirac point mass at x. Let

he=ES fAe)E | > [file) = fix- 7o)
v €%,
supp(t’)Bs

x[log £} (c|ay) — log f(t - T'|a)]] o

) )
=K fSZ(O'S)E |: - :|
r;(é’n fs‘z (05) fsz (o5)

supp(t’)Bs

s

20 )
* [l"g 7o 8 2, }

=E[E| > [/2(0)— f(x-)][log f7(r) — log f*(z - 1)]| o
7 b
SUpp(Er’)as

=E Z [/2(x) — f2(x - )] [log f7(1) — log f*(z - T')]
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And define

b= E[f(a)log f}(,)],

1 n
L==Y I, i=12
n
s=1

To express Z(f) in terms of the above definitions note that

/(1) /(1)
fsz(o—s) log sz(ob) 05]

=E[f*(v)log f2(1)|os] — f2(0)log f2(ay).

FA(e)ELf (tlo)log £ (x|oy)|as] = f7(a)E

Taking expectations

L(f)=E{f}(c)E[f{(z|oy)log fi(t]o)|o,]} + Ls. (3.1)

Since f2(t|os) =0 for t; # o5, we can naturally consider fi(:|oy) as a function on
S,—1 (where we fix position s to hold particle o). Specifically, let A,_,, € G, be such
that /., (s) = o5, and define /2 on G,_; by

J;zé('f) = Jﬂ?(hsﬁ(r;ggil(f)‘o—s)
Since E,_; f2(-) =1,

E[f}(t|oy)log f(t|oy)|os]

=E[f%log /2]
<37 F | 2 VRO - JAG Dlllo i) —log 7+ )
" T EbCn—1
_ ap—1 ) o o
]t | 2 W) =Sl
supp(t')Bs

x[log f2(t|as) — log fi(x - 7'|ay)]| o,

Applying this to (3.1) gives,
ap—1

S 36,

Il,s + 12,3-
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Averaging over s, we have

L)< z—h + L. 3.2)

o]

Let k =supp(c) for ¢ € %,. Then note that each term [ f%(t) — f2(z-7')][log f*(t) —
log /(- ')] appears in I; exactly n — k times. So we have

=" — “r > L) = A )]llog f7(x) — log f2(z- )]

€,

_2n =0\ , 2
D — E(f*,log 7).

Note that

Gul(n=1)="Y > 1iigsupp(on}

0EG, i=1

n
=) Liigauppo)
i=1 c€%,

:I’l|(€n_1|.

Substituting this into (3.2), we have

L(f) < an16(f2log f2) + . (3.3)

To bound I, we consider the Markov chain on state space {x,...,x,} with uniform

kernel K(x;,x;)=1/(n— 1) for i # j. First note that since [{t|t; =i}| = [{h—i{t]ts =
s} =1G,—y| for all i, o, is uniformly distributed on {xy,...,x,}. Furthermore,

E[f2(xn)] = ZE[f |05 = %]

= iE[fz, Oy :xm]
s=1

=1.

Consequently,

14)

1 - 2 2
;;E[fs(-)logfs(-)]

S )
m=1
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1
<t 2 Zg(f-z(xm), log f%(x,,)) by Lemma 2.6
n

= 21? Z Z [f,z(xm) - fj-z(xm)][IOg fl_z(xm) — log sz(xm)]

m=1 i#j

Now, for ©" €%, such that 7} = j
Lf7Gon) = £7Con)][l0g £ () — l0g 7 ()]
= [E[/*(0)|oi = %] — EL/*(¥)|0; = x,]]
x[log ELf*(1)|o; = xn] — log E[/*(7)| 6} = x,]]
=[EL/* (v )oj = xn] — E[f*(D)|0; = x]]
x[log E[f*(z - 7')|0j = xn] — log E[f*(7)]0; = xn]]
E[[/*(x) — f*(x - T)][log f*(2) — log f*(v - T')]|0j = xu]

=nE[f*(x) — f*(v- )]llog f*(x) — log f*( - T'); 0; = x].

Above we have used Jensen’s Inequality with g(x, y) = (x — y)(logx — log y) (which
is convex for x, y > 0). Let %;_,; C %, consist of those 7" with 7} =j. Then averaging
over 7 € 6;_,;, we get

[f7Con) — f7 Cen)]l0g f2(xn) — log /7 (xn)]

<o > ELf() = £z D)llog £7(7) — log (v - T'); 07 = xu].
l*}j T'e(@'*}/
And
CERICRVES D) DETA
i#j 0€EG,
=> > i
0EG, i#]
= |(gn|k
yields,

n

h< Y Y EA@ - )

m=1 i#j €%,

x[log () — log f*(t - T'); 6, = Xp]

2nk|(€|z > EL() - i log f2(x) — log (- 7)]

i#] €G-
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n
2n

F€1| > L) = (- D)llog £3(7) — log f3(z - )]

v EG

n—

Lo 108 /7).

n
Using (3.3), the result follows from the recurrence,

n—1
angan—l“v‘ n . U

Corollary 3.1 (Random transposition). Consider the random transposition walk on S,,
i.e. the walk generated by €, = {(i,j)|1 <i<j<n} for n=2. Then the modified
log Sobolev constant o satisfies
4 1
=0 =

n—1 n—1

In particular, the mixing time satisfies © < n(loglogn! + 2).

Remark 3.1. In [27] it is shown that for ¢ = %(log(n —1)—o¢)

4 log(n - 1)e(zlog n)/n

|HF — mllrv =1 —8e % —4e° —
n—1

and results in [13] show that this bound is sharp. Consequently, the mixing time bound
of Corollary 3.1 is within a factor of 2 of the critical time.

Proof. Since the walk on S, is the symmetric walk on the 2-point space, the discussion
in Section 2.3 shows that a; = i, yielding the lower bound. This chain is studied in
detail in [9], where it is shown that the spectral gap satisfies 2 =2/(n — 1). The upper
bound is then a consequence of Lemma 2.4. The mixing time follows from Corollary
22. O

Corollary 3.2 (3-cycles). For the random walk on A, generated by 3-cycles, the mod-
ified log Sobolev constant satisfies

In particular, the mixing time satisfies © < n(loglogn! + 2).

Remark 3.2. In [25, 26] it is shown that the above walk has cutoff with critical time
t, = (n/3)logn.

Proof. The walk on A3 is the uniform walk on the 3-point space. Consequently, by
Lemma 2.6, a3 < 1, yielding the lower bound. The upper bound follows from results
in [25,26] that A=3/(n — 1), and Lemma 2.4. [
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Example 3.1 (Bernoulli-Laplace). Informally, the Bernoulli-Laplace (BL) model is a
random transposition walk on S, with n distinct sites and 1 <7» <n — 1 identical
particles, with each site occupied by at most one particle. The state space C, , is the
set of r-subsets of {1,...,n}, and accordingly is of order ( :’) For n€ C,, let n; denote
the number of particles in site i, so #; is either 0 or 1. Let n” denote the configuration
in which we have swapped the particles in positions i and j. Then the kernel for this
chain is given by

1 i
r(n—r) 1’]/ - ;7/’
K(n.n')= ni=(1-n)=1

0 otherwise,

The log Sobolev constant for this walk was found in [23] to satisfy

n I’l2

1
(n—r) o8 r(n—r)

and in [17] the authors used the method of Theorem 3.1 to directly show that modified
log Sobolev constant for BL satisfies o, , =< ﬁ We can find this same bound on the
modified log Sobolev constant by relying on our analysis of the random transposition
walk.

To analyze this chain, map functions f" on C, , to functions f on S, by letting f(a)=
f{o1,...,0:}). For n€C,, let 7€ S, be any permutation such that n = {7,,...,7,}.
Note that there are !(n — r)! such permutations and that (%)= f(i7¥). Therefore,

Bur =
r

1 . y
6(f.9) =5 —FE > L) = f0Mllg(n) — ()]

2r(n—r) " T

ni=(1—n;)=1

_ 1 ri(n —r)!
dr(n—r) n!

lZ[f(n) — S )g(n) — g(n"f')]]
ij

1 1 . e o
= o lijj [/(0) = F(e")li(o) — g(af)]]
_on(n—=1) , =~ .

*m@@ (f59):

where &’(f,g) is the Dirichlet form associated with the random transposition model
(K’,7") of Corollary 3.1. Furthermore, since L(f)=L'(f), otn,, = ;ffr:r)) o). By Corol-
lary 3.1 and the fact that the spectral gap for Bernoulli-Laplace is given by 4, ,=

[14], the modified log Sobolev constant for the BL model satisfies

n
r(n—r)

2n n
< 20y, 2 T
r(n—r) ’ 2r(n —r)
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By Corollary 2.2, the mixing time 7, , for the BL model satisfies

n
Ty K ——— 2r(n = r) <loglog < > +2> .
n r

3.2. Top-random transposition walk

A walk similar to those considered in Section 3.1 is the complete (k,/)-bipartite
shuffle. We can visualize this walk on a deck of cards by first splitting the deck into
two pieces—of size k and of size /—and then uniformly swapping pairs of cards
between the piles. In the case £ = 1, we have the top-random transposition shuffle.
That is, at each step we swap the top card and another chosen uniformly at random.

Using the same notation as above, for 7 € S,, we let 7; denote the particle in position
i, and let t/ denote the configuration after we swap the particles in positions i and ;.
The kernel for the (%, /)-complete bipartite shuffle is given by,

Koty — v =1" forany 1<i<k<j<k+]l,
otherwise.

The stationary distribution 7 is uniform and the Dirichlet form for (K, 7) is given
explicitly by

&(f.9)= > @)= fE)g) - g(7)]

1<i<k<j<k+l

2kl

As above, before computing the modified log Sobolev constant for the walk on S,
we restrict our attention to the movement of one particle. In this case we have the
walk on the complete (%, /)-bipartite graph: Our state space is the k + [ point space
{X1,-+sXks ¥1,.-- y1}; the kernel is given by

1
K(xzay])—T, 1<l<k,1<]<l,
~ 1
K(yjaxi)_?, 1<i<k 1<j<I,
RGv)= o 1<i<k

I+ k
N ! .
Ky, y)= Tr <j<gl

and zero otherwise. Then (K,7) is reversible with respect to the uniform stationary
measure 7.

Lemma 3.1. For the random walk on the complete (k,1)-bipartite graph with | = 2,
the modified log Sobolev constant satisfies o. < 2k/(k+1). In the case of the star, i.e.
the complete (1,1)-bipartite graph, we have the lower bound o > 1/(I1 + 1).
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Proof. By explicitly computing the eigenvalues of K we find the spectral gap A =

k/(k + 1). The upper bound for o then follows from Lemma 2.4.
To lower bound « for the star observe that

6(flog /)=

0T 1)2 2 L) = S20illog Sxn) — log f()

mE[[f (x1) = S2()]Mlog /2(x1) — log f2()]]-

By homogeneity, we only need to show the modified log Sobolev inequality for func-
tions f with f2(x;) = 1. And in this case, the above simplifies to

520 1) = < [-Elog /% + Eflog f].

By Jensen’s Inequality,

Elog f2 <logEf? <Ef?-logEf>.
Since Z(f)=Ef?log f> — Ef?-logEf?,
L(f) < Ef*log /> — Elog f*

and the lower bound is established. [

The proof of the following theorem is analogous to the proof of Theorem 3.1, the
primary difference being that here we bound /, using the Markov chain on the star
described in Lemma 3.1.

Theorem 3.2. For [ =2, let ay; denote the reciprocal of the modified log Sobolev
constant for the complete (k,l)-bipartite walk on Sy, and let a; denote the recip-
rocal of the modified log Sobolev constant for the complete (k,1)-bipartite walk on
{xX1,- Xk 1525 Vi ). Then

- N 2k

ar; < ap— + ——ad

ki ki=1 e

Proof. For 1 <s<k+1, let g, :S, — {x1,...,x,} be the random variable that takes

T — 17,. To begin we fix a function f : S, — R, with f > 0. By homogeneity, it is
sufficient to establish the modified log Sobolev inequality for f with n(f?)=1. Let

fix) = ELf2()|os = x1"2,

J(1)0x(15)

S =70
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And for k < s <k + [, define

Ly=ES f}(o,)E > Gle) - £ 6]
1<i<k<j<k+l

J#s

x[log f7(t]ay) — log f(¢V]ay)] | o

=k [2(2) = £2(z")] [log f2() — log f3(z7)]
1<i<1f<j<k+[

J

L= E[f2(a,)log f(a)]

1 k+1
]i:7 Zli,s> l:1:2

s=k+1

As before,
L(f) = E{f(a)E[fL(tloo)og f7(t]ay)|o]} + L

and, considering f;(:|o;) as a function on S,_j,

Lrei1(fClo9)) < ari-16k1-1(f2(-|oy),log f2(¢|ay)).

Consequently,

E[fsz(‘f|0'5)10g fsz(fl'JS)‘O's]

a1, ST (Fale) - £2e)

2k(l = 1) I<i<k<j<k+l
J#s

x(log f2(t|oy) — log f2(<V|ay))| 0,

and
ag,1—1

]l,s + [2,S~
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Averaging over s, we have

Af,1—1
3(f)<mll+[2. (3.4)

Since each term [ f2(t) — f2(7¥)][log f?(t) —log f?(z")] appears in I; exactly [ — 1
times, we have

I—1 y y
h=—"E Yo LA - SAEDog £7(x) — log ()]

I<i<k<j<k+l
= 2k(I = )E(f?,log f2).

Substituting this into (3.4), we have

L(f) < agi—16(f1log f7) + b (3.5)

To bound I, we consider the Markov chain on the state spaces {xi,...,x;4;} with
kernel given by the complete (k, /)-bipartite graph. Since o, is uniformly distributed
on {l,....k+ [},

| ke
_ 2 2
L= Y ELOlog f70)]
s=k+1
ket
7 ZE [f2(-)log f2(-)] since entropy is non-negative

s=1

A

k+1

Z Lu(f-(n)

<= Z E(S2(em). log f2(xn))

k+1
ak i

= ST LGw) — fH@)llog £ () — log f7(xm)]-

T 72
l(k+l) m=11<i<k<j<k+l
Since

[f7Con) = f7 Cen)]l0g f72(xn) — log /7 (xn)]
< (k+ DE[f*(1) = f2(@)]llog f2(x) — log f2(17); 0; = xu],
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we have

wh S ) — S allog f7 (o) — log £7 ()]

L <
l(k+1) I<i<h<j<k+l

2k

= " 5.,& 21 2
iy (/% log f7)

and the corresponding recurrence

< + 2k . 1
Ar1 < Ak1—1 Ja k1
Corollary 3.3 (Top-random transposition). For the top-random transposition walk on
Sy, i.e. the complete (1,n — 1)-bipartite walk, the modified log Sobolev constant sat-
isfies

2 1
>0z .
n—1 2(n—1)

In particular, the mixing time satisfies © < 2(n — 1)[loglogn! 4 2].

Remark 3.3. Diaconis [10] outlines a proof that the top-random transposition walk
exhibits cutoff at critical time ¢, = nlogn.

Proof. By Lemma 3.1, 4;; </ + 1 and the recurrence reduces to a;; < aj ;-1 + 2.
Since the top-random transposition walk on S, is the symmetric walk on the 2-point
space, a;,; = %, yielding the lower bound. The upper bound follows from Lemma 2.4
and the fact that A=1/(n—1) [16]. O

3.3. Random regular graphs

In the examples that we have examined thus, the modified log Sobolev constant o
is of approximately the same magnitude as the spectral gap A. This is not however
always the case.

For fixed r > 3, [8] introduced a model for random r-regular graphs on n vertices.
For this model, [2] shows that as n tends to infinity, a random r-regular graph % has
spectral gap A(9) = &(r) > 0 with probability 1 —o(1). Using this example, [12] shows
that a generic r-regular graph has log Sobolev constant f<A. The following lemma
shows that for this family of random graphs we also have o <.

Lemma 3.2. Let G = (Z,E) be a connected r-reqular graph with |Z| = 8r and let
(K, m) be the canonical walk on G with uniform stationary distribution n. Then the
modified log Sobolev constant satisfies

2 + log log| |

o< 4logr
5" logl| Z/8]
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In particular, for fixed r

0.

Proof. For x,y € Z, let d(x, y) be the natural graph distance. Let 47 ={y € Z |d(x, y)
> n}. Then K"(4")=0, and
Lt

||

n(Ay) =1

2r"
;%‘

=

since by assumption we must have » > 1. Let Po(4) denote a Poisson random variable
with mean A. Then,

41

n?
Furthermore for ny=1log(|Z|/8)/logr and ty=no/4, n(4A%) > % and H; (A}) < %—i— %.
Since

H (A7) < Prob(Po(t) = n) <

7
HbY — = HY(A) — n(4)| > —
| — ||z glgfzs\ 0(A4) — n(4)) T

the mixing time satisfies T > #;. But from Lemma 2.2
1
T < &(loglog |Z| +2)

and the result follows. [

4. Comparison techniques

A perturbed chain often has log Sobolev and modified log Sobolev constants similar
to the original. Lemma 4.1 illustrates this phenomenon; the proof is similar to the log
Sobolev case presented in [12] and is omitted here.

Lemma 4.1. Let (K,n) and (K',n') be two finite, reversible Markov chains defined
on X and A, respectively, with modified log Sobolev constants o and o. Assume
there exists a map

P, m)y— 227 f— f
and constants A,B,a > 0 such that for all f € (X, )
&' (2 log f2) < AE(flog f7) and aZLn(f) < Lw(f)+ BE(f2,1og f),

then

ao
A + Bo!

N
R
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In the case X' =2"',&'(f*,log f*) < AE(f%1og f?) and a n < 7', we have

ao!
— <o.

A

Saloff-Coste [28] shows that for any two finite irreducible Markov chains K’ and
K on the same state space, there exists a constant 4 such that for all functions f,
E'(f, f) < AE(S, f). Consequently, the analog of Lemma 4.1 proven in [12] shows
that we can always use the log Sobolev constant of one chain to estimate the constant
for any other chain on the same space—although in practice this estimate may be quite
bad.

There does not in general, however, exist a constant 4 such that for all f, &(f2,
log f?) < A6(f?,log f?). Given the numerous similarities between the log Sobolev and
modified log Sobolev constant, this fact is quite surprising. Consider the three-point
space & ={x1,x2,x3}. Let K’ be the complete graph on %, and let K be the line graph
with holding probability % at the endpoints. Then both chains have uniform stationary
distribution. Let

Ao, () = [£2(x:) — £2(xp)]llog £ (x1) — log f2(x))].
Then

éa/(fz’ 10g fz) — 1 + AX])C}
&(f2log f?) A, T Aoy

Fix A > 1 and for b > A4 let f?(x;)=1, f2(x;) =b/A4, and f?(x3)=b. Then

AX1X3 _ (b - l)logb
Ay + Ay (2= Dlog? + 471 plog4
(b — Dlogbh
glogb +blogA
P24

So for every A, there exists an f with &'(f2,log f2) > A&(f?,log f?). While this
shows that we cannot always compare chains, several interesting examples are amenable
to comparison.

Example 4.1 (The Heavy Ace). Recall our informal description of the top-random
transposition walk on the permutation group S,: Uniformly at random pick a posi-
tion i from 2 to n, and then swap the top card and the card in position i. More
formally, this is the group walk on S, with generating set {(1,7)|2 < i < n}. Consider
the following variant of this walk: Uniformly at random pick a position i from 2 to
n; if either the top card or the card in position i is the ‘Ace of Spades’ do nothing
with probability % and swap the cards with probability %; otherwise, swap the cards
as usual. Like the top-random transposition walk, this modified walk is reversible with
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respect to the uniform stationary distribution. However, unlike the former walk, the
latter cannot be realized as a walk on a group. While intuitively this small perturbation
should not dramatically affect mixing time, the comparison techniques of [11] to obtain
precise results crucially rely on group structure.

The kernel of the Heavy Ace walk is given explicitly by

(nil), =1l l<i<n 1 #1,
ﬁ, o =7l l<i<n =1,
/
1#1 K(r,7)= |
r_ _
ooy T =1,
0, otherwise,
1 ;i .
o TET l<i<n,
=1 K(1)= 1, v =1, =1,
0, otherwise.

Letting &’ be the Dirichlet form of the top-random transposition walk, we see that
&'(f2log ) < 26(f2,log f?). By Lemma 4.1, o > /2. By Corollary 3.3, 0 > 1/4(n—
1), and consequently by Corollary 2.2 the mixing time for the Heavy Ace walk satisfies

T < 4(n— 1)[loglogn! +2].

Using the method detailed in [9], we can find a corresponding lower bound. For
simplicity we will examine the discrete time chain K" (the argument for H, is anal-
ogous). Let A be the subset of permutations with at least one fixed point. That is
A={c€S,|o; =iforsome | <i<n} Under the uniform measure 7, this is the
matching problem, and arguments in [15] show that

1 1

Let {(1,X1),(1,X2),...,(1,X;)} denote the transpositions that we considered making
up to step k. That is, at step i, 1 <i < k, we choose cards 1 and X;, checked if either
was an ‘Ace of Spades’, and continued accordingly. Then to bound K*(4), observe
that K¥(4) > K*(B) where B={ (U, <, <, Xi) #{2,...,n}}, i.c. B is the event that by
step £ we had not even chosen all of the positions. Arguments in [15] show that

K¥B)=1-— e g o(1) uniformly in &k as n — oo.
For k =nlogn+ cn, K¥(4) > 1 —e=*"" 4 o(1), and consequently
IK* = mllrv > |K*(4) = n(4)|

1 —c
>-—¢e ¢ +o(l)
€
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5. Concentration of measure

In this section we present the well known connection between log Sobolev and
concentration inequalities (see e.g. [7,21,22], and present some examples based on the
inequalities derived in Section 3.

First we review the key definitions and results. Let (X,d, 1) denote a metric space
(X,d) equipped with a probability measure u on its Borel sets.

Definition 5.1. The concentration function on (X,d, i) is given by
1
“(X,d,,u)(r)zsup{l —w4):ACX, wd) = 2} r >0,

where 4, = {x €X : d(x,4) < r} is the open r-neighborhood of 4 with respect to the
metric d.

In Theorem 5.1 we show that modified log Sobolev inequalities imply deviation
inequalities for Lipschitz functions. Lemma 5.1 shows that these deviation bounds in
turn yield concentration inequalities; for a proof of Lemma 5.1, see [22].

Definition 5.2. A real-valued function F on (X,d) is said to be Lipschitz if

Fo - FO)| _

[|£||Lip = sup
P x#y d(x,y)

We say that F' is 1-Lipschitz if ||F||.p < 1.

Lemma 5.1. Let p be a Borel probability measure on a metric space (X,d). Assume
that for some non-negative, decreasing function o on R, and any bounded 1-Lipschitz
function F on (X,d)

W{F > EF +r}) < a(r)
for r > 0. Then
I — u(4,) < ap(A)r)

for every Borel set A with u(4) > 0 and every r > 0. In particular

OC(X’d#)(I’) <a (%) .

For a reversible Markov chain (K,7) on state space Z, consider the graph G =
(Z,E) with symmetric edge set £ = {(x, y) | n(x)K(x, y) > 0}. Then using the natural
graph distance d, we can define the metric probability space (Z',d,n). Theorem 5.1
follows the Herbst argument to relate the modified log Sobolev constant to a deviation
inequality on this graph. For a discussion of this method and more examples, see [22].
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Theorem 5.1. Let o denote the modified log Sobolev constant for the reversible
Markov chain (K,n) on Z. For any 1-Lipschitz function F on (¥,d), and r > 0

U{F ZEF +r}) < e 2,
Proof. Since by definition

1
L)< E

D L) = £7(0)] - Hlog f2(x) — log f2(MIK(x. ») | » (5.1

letting /2 = e —#/2% in (5.1), we get
1 : 1
E|(F — =2) =007 _ g)og A(L) < — 22 A(2),
20 20

where A(L)=Ef2. So,
2A'(2) < A(A)log A(2).
Now let H(7) = 844 with H(0)= 4© — EF. Then

A(0)
ClogA(A) | A'(A)

H'(2) = 2 2A(K)

<0.

Consequently, H(A) < H(0). That is,

A1) < o EF
and so

Eef < QHEF+72 /2
Finally, for » > 0

W({F = EF +r}) = p({e’ = HEFNY)

< e MEF+) peiF

72 20—
<e /20 r

Taking A = ro yields the result. [J

Using the modified log Sobolev inequalities derived in Section 3, we can obtain
corresponding concentration inequalities. Here we consider two examples: random-
transposition and the top-random transposition shuffle.

Consider the metric probability space on the symmetric group S, given by the random
transposition metric and the uniform probability distribution n. Since by Corollary 3.1
the modified log Sobolev constant for the associated walk satisfies « > 1/(n — 1).
Theorem 5.1 shows that for any 1-Lipschitz function on §,, and » > 0

n({F = EF +r}) < e 720D,
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Accordingly the concentration function satisfies
a(r) < e—r2/8(n—1)'

This random transposition graph was also studied in [4] via the subgaussian constant,
which implies a concentration inequality. In particular, the authors show that

a(r) < ef(erx/nfl)z/Z(nfl).

As a second example, consider the graph associated with the top-random transposition
shuffle and let d be the associated metric on S,. Then, since (x, y) = (1,x)(1, y)(1,x),
d(o1,07) < 3d(0y,0,). Consequently,

;
o(r) <oy (5) <e D),

However, since Corollary 3.3 shows that for this chain a > 1/2(n — 1), for any I-
Lipschitz function F on (S,,d) and » > 0

n({F = EF +r}) < e " /40=D),
Accordingly, we have the slightly tighter bound

:xj(r) < e—rz/lﬁ(n—l).
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